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1 Introduction 

The aim of this paper is to show that the Virasoro action on two-dimensional 
Fourier series in Schur polynomials and the backward/forward equations for 
random walks are close allies! 

Some matrix integrals over U(n) are known to satisfy a sl(2,IR)-algebra 
of Virasoro constraints [2] (k — — 1, 0, 1) 



„ oo 

, s) / e TrV(M '^M = 0, with V(x,y) := VfeV - s jV j ) (1.0.1) 

JU(n) 1 



V fe (t 



Where V-i(t,s) = V. 1 (t)-V 1 (s)+n(t 1 + " 



dsi 

V (t,s) = V (t)-V (s) (1.0.2) 

d 



Vi(*, s) = -F-i(s) + Vi(f) + n ^si + Qi : j . 
involving standard Virasoro operators 1 in the variables t±, t 2 , ■ ■ ■ for all k e Z, 

i+j=k J —i+j=k J —i—j=k 

Appropriate shifts of the Vs and Sj's in the matrix integral appearing in 
(1.0.1) lead to the following matrix integrals, already considered by several 



1 For k = — 1,0, 1, they take on the following simple form: 

d_ 

'dti 



Vfc(*):= d-k)ti-k-^r, for fc= -1,0,1. (1.0.3) 



i>max(/e+l,l) 
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authors: [9, 4, 5, 14] 



shifts 


matrix integrals 


1 : 


iti l— ► Hi + zSn 
isi i— > isj — 


/! = / e ^Tr(M + M) e TrV(M) dM 
JU(n) 


2 : 


iti i-> - ?(-!)' 
is, i— > isi — 


h = [ det(7 + M)V TrJ V rV ( M ^M 

7[/(n) 


3 : 


itj i— > iti — p(—z) 1 
isi i— > isj + g(— z) 1 


7 3 = / det(7+zM) p det(7+^M) 9 e TrV(M) dM 



table 1 

Clearly, applying the shifts 1, 2 or 3 to Y k , as in table 1 to (1.0.2), lead 
to the Virasoro constraints 



V fc | shifted (70 = for A; = -1,0,1 

for the corresponding matrix integrals above. Consider the generators V 2 in 
the span of V_i, V , Vi| shiftcd , involving finite sums of V k (t),V k (s), d/dt k , d/ds k , 
t k , s k . They are given by the V 2 in Table 2: 



shifts 


Y z (t,s) 


V A (t,s) 


7 A 


1 : 


V , V ±1 H 


«' — fit i + zS ii 
V ' is i- zS il 


v 2 


2H^fcA fe 1 


f(i) f(i) 


2 : 


±(V + V ±1 ) 


**»■ — 

is^ i >is 




v 2 






3 : 


(Y_ 1 + (z + z~ l )Y + Y 1 ) 


it^i >iti~ p{— z) % 

iSji »is 4 + 9 (-z) 1 


v 2 


^A- 1 


£0) 



table 2 

It is also useful to replace z in the column V 2 of Table 2 by -roughly speaking- 
the operator A^ 1 , where 

Aj^/W = /(*"!), fcGZ. (1.0.5) 
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The operators Y A (t, s) act on functions of (t, s, k) E M°° x R°° x Z. Let 
them act on two-dimensional Fourier series in Schur polynomials S\(t) and 
S/i(s) with partitions A and fi having first column bounded by n and with 
arbitrary coefficients V^l. It turns out that the functions obtained can be 



expressed again in terms of double Fourier series, with coefficients L(b 



(*). 



which are linear difference operators of finite order on the coefficients b\^ 



Va(M) E 



b^s x (t) Sfl (-s) 



A ,/i 



;i.o.6) 



The surprise is that the expressions La, appearing in the right hand column of 
table 2 and given explicitly in section 6, are precisely the difference equations 
for the transition probabilities for certain random walks, naturally generated 
by the matrix integrals above. This circle of ideas will now be explained. 

As a first ingredient, the three matrix integrals containing Schur 2 poly- 
nomials S\(t) admit the following expansions in z: 



U(n) 



s A (M)s„(M) I 



e zTr(M+M) 

det(J + M) q e zTrM 
k det(I + zMf det(I + zM) q j 



o 



whereas the following matrix integrals below admit (double) Fourier expan- 

2 Throughout the paper, the s\(t)'s denote Schur polynomials for a partition A, ex- 
pressed in terms of the symmetric functions ktk = J2i x ii an d not m terms of the Xk 
themselves. The elementary Schur polynomials Sfc(i) are defined by e 2 ^ 1 * iZ = Sk(t)z k 
and Sfc(i) = for k < 0. Given a unitary matrix M, we shall also use the notation s\(M) 
to denote a symmetric function of the eigenvalues x\, . . . , x n of the unitary matrix M and 
thus in the notation of the present paper 

s A (M) := s A (Tr M, ^ TrM 2 , i TrM 3 , ...). 
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sions in Schur polynomials: 

(Tr(M + M)) fc 

(TrM) fc det(7 + M)« 

[ k\s k (...,- 1 -TT(p(-My + q(-MY), 



U(n) 



e TrV(M,M) dM 



<n 

whose coefficients are given by the same b^. This is to say that the b^s 
appear in expansions of two different integrals. 

It is useful here to make the change of variables, from partitions A and 
/i, with first columns smaller than n, to strictly increasing sets of integers 
x (initial position of the random walk) and y (final position of the random 
walk) in Z> , defined by 

x := (xi < x 2 < ■ ■ ■ < x n ) = (0 + A n , 1 + A n _i, . . . , n - 1 + Ai) 
y := (yi < y 2 < . . . < y n ) = (0 + /i n , 1 + Hn-i, ■ ■ ■ , n - 1 + Hi) 

(1.0.7) 

So, the partitions A and \x measure the discrepancy from close packing 
0, 1, . . . , n — 1 for x and y\ So the new expressions 



x=(0+A n ,l+A n _ 1 ,...,n-l+A 1 ) 
» = (0+Cn,l+(i„_i,...,n-l + fil) 



and L\ :— L\ 



x=(0+A n ,l+A„_ 1 ,...,n-l+A 1 ) 
y=(0+/i n ,l+M n _l,---,n-l+Ml) 



satisfy the difference relations 



L A (&g) = 



(1.0.8) 
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where the b x k y have the following interpretation in terms of walks 3 : 



Case 1 



6 (*) 

u xy 



Case 2 



6 (fc) 
^2/ 



Case 3 



ways that n non-intersecting walkers in Z move during 
k instants from x\ < x 2 < ... < x n to y\ < y<i < ... < y n , 
where at each instant exactly one walker moves 
either one step to the left, or one step to the right 
leading to k effective moves . 



(1.0.9) 



ways that n non-intersecting walkers move during q + k 
instants from x\ < ... < x n to y\ < ... < y n , where at 
the instants 1 to q, walkers may move one step to the 
right, or stay put, and at the instants q + 1, q + k 
exactly one walker moves one step to the left, with 
total ^{effective moves} = 2k + YliiVi ~ x d- 



1.0.10) 



ways that n non-intersecting walkers move during p + q 
instants from X\ < ... < x n to yi < ... < y n , where at 
the instants 1 to p, walkers may move one step to the 
right, or stay put, and at the instants p + 1, ...,p + q 
walkers may move one step to the left or stay put, 
with total ^{effective moves} = k. 



(1.0.11) 



Case 1 leads, in particular, to a forward and backward equation for 

the transition probability, as shown in section 7, 



3 The number of "effective moves" counts the actual steps taken by all walkers; i.e., two 
walkers walking simultaneously counts for two moves, a walker not walking contributes 
nothing! 
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P(k,x,y) 



P 



( ways that n non-intersecting walkers in Z move during \ 
k instants from x-y < x 2 < ■■■ < x n to yi < y 2 < ■■■ < y n , 
where at each instant exactly one walker moves 

y either one step to the left, or one step to the right J 




(2n) fc ' 



namely, 



AiP(k,x,y) = 0, 



(1.0.12) 



where the Ai are the same difference operators as the operator L\ in (1.0.8), 
except for the division by 2n, which accounts for considering the probability 
rather than the frS's 4 : 



The operators Ai and A2 are the forward and backward random walk equa- 
tion, because A\ essentially involves the end points y, whereas A2 involves 
the initial points x. 

Remark: The transition probabilities for a random walk in Z n absorbed at the 
boundary of the Weyl chamber z\ < z 2 < ... < z n , with equally likely steps 
±ei, . . . , ±e n (studied, e.g. in ([10], [11])) also satisfy the same backward and 
forward difference equations (1.0.12). 

In a subsequent paper, we show the following limit theorem: Let the 
spacings between the n walkers and the number of steps k grow larger, with 

4 Dcfinc, for a e Z, a / 0, the following difference operators, acting on functions 
f(k, x, y), with k 6 Z + , x, y E Z: 




n 



E ^ + vK + d+ Xi - ( Vl - Xi ) (1.0.14) 




d+ x J := f(k,x + ae u y) - f{k,x,y) 
d~ x J ■= f(k,x,y) - f(k,x - ae l7 y) 
Afe 1 / := f(k-l,x,y) 



(1.0.13) 
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an appropriate rescaling; then one finds, for fixed n, setting e := and 
letting k — > oo or, what is the same, letting e — > 0, 




t (n+l)/2 " g s..^ 

5 M% i / 



_ 2(( „ +2)/2( |_i^| )+0(E) 



^4 2 = same expression, but with x <-> y 

X eVt' V eVt 



This expansion in e is valid, when acting on an appropriate function space. 
The term 0(1) in the e-expansion of A\ contains precisely the forward diffu- 
sion equation for Brownian motion in the Weyl chamber {y 1 < . . . < y n } C 
W l . The term 0(1) in the e-expansion of A 2 contains the corresponding 
backward equation. This Brownian motion in the Weyl chamber is tanta- 
mount to the motion of n non- intersecting Brownian motions, i.e., who are 
killed as soon as they collide. It is related to Dyson's Brownian motion ([6]). 

The difference equations (1.0.8) above for the three cases (1.0. 9), (1.0. 10) 
and (1.0.11) are based on replacing the operators d/dt n and multiplication 
by nt n in the Murnaghan-Nakayama rule, 



nt n s x (t) 



£ (-l) ht ^s M (t) 



M \A6S(n) 



_d 

dt, 



n 




(1.0.15) 



A\ M 6S(n) 



by the action of the Virasoro algebra: 



V- n s x 



E 




(i\ASB(n) 




(1.0.16) 



A\(i6B(n) 
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with (n > 1) 



d 



,(-n) 



E 



E 



j_\ht(A\i/)+ht(/i\i') 



i>l 




fj\veB(n + i) 



n 

4e 



E 




V such that 



v\\ e B(i) 

ji\u G B{n — i) 



This will be shown in section 5. To explain the notation, h G B(i) denotes 
a border-strip (i.e., a connected skew-shape A\/i containing i boxes, with no 
2x2 square) and the height ht h of a border strip h is defined as 



In view of the infinite sum in the Virasoro algebra (1.0.4), one would expect 
V n s\ to be expressible as an infinite sum of Schur polynomials. This is not 
so: acting with Virasoro V- n (resp. V n ) leads to the same precise sum as 
acting with nt n (resp. d/dt n ), except the coefficients (1.0.17) are different 
from the ones in (1.0.15). This is to say the two operators have the same 
band structure or locality] 

2 Non-intersecting walks and partitions 

Consider m walkers on Z departing from position x±, . . . , x m , and ending up 
at yi, . . . ,y m , such that at each instant, only one walker moves either one 
step to the left, or one step to the right, with all possible moves equally likely. 
The main statement of this section is to connect the transition probabilities 
of these walks with pairs of skew Young tableaux and other combinatorial 
formulas. They will play a crucial role in section 4. Such connections have 
been known in various situations in the combinatorial literature; see R. Stan- 



ley [13] (p. 313), P. Forrester [8], D. Grabiner & P. Magyar [11, 12], J. Baik 



ht h := #{rows in h} — 1. 



(1.0.18) 



[3]: 
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Theorem 2.1 



P 



( that m walkers in 7L, \ 
go from xi, . . . , x m to 
yi,...,y m inT steps, 
y and do not intersect J 

1 / T 



( T \ v f A VfAv 

{2mY\T L T R J .J-?' 



A with \D/-i,v 

\\\v\=T R 
\J<m 



T 



E(- 1 ) CT(ra) I>+0 



y 1 -w(x 1 ) Vm-w{x m ) 



(2m) 



E 

fc t >0 
ET ki=T/2 



^E(-lr , •" , 



fci + 



yi- x w(i) 



, h - 



T 

, . . . , k m 4 



Vm x w(m) 



where /i, v are fixed partitions defined by the points Xi and yi 



k - 1 - x k , Vk = k - 1 - y k 
m 1 

-(T + Y l (x i -y i )) = -(T-^\ + \u\) 



i 

m 



T, 



R 



T = 



1 1 
-(T-Y t {xi-y i )) = ^T+\^\-\u\ 

m 

t l + t r , J2(^-yi) = T L-T R . 



Proof: will follow from Propositions 2.3 and 2.5, as given in the subsequent 
subsections. 
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2.1 Non- intersecting walks and skew-tableaux 



Proposition 2.2 There is a 1 — 1 correspondence between 



ways that m non-intersecting 
walkers move from x 1 < . . . < x Ti 
to yi < ... < y m , where at 
each instant 1, . . . , Tl one 
walker moves one step to 
the left, and at each instant 
T L + 1, . . . , T L + T R one walker 
moves one step to the right 

and so, for this walk, 

ways that m non-intersecting 
| walkers go Tl steps to the left 
# < and then T R steps to right, 
from Xi < . . . < x m 
toyi< ... <y m 



all couples (P, Q) of standard 
skew-tableaux of arbitrary 
shape X\/i and 
given fixed partitions jj,, v , 
with \X\fx\ = T L , \X\u\ = T R , 
filled with numbers 
1, ...,T L and 1, . . .,T R 
with Xj < m 



> = 



Ahi(T+H + M) 
Xj<m 



where /i, v are fixed partitions defined by the points Xi and yi, and X D //, v , 
such that 



fi k := k - 1 - x k 
v k := k-l-y k 
\X 



1 



= -(T+H + H), T = T L + T R . 



Proof: Consider two Young diagrams /i, v and A such that 



li C A, v C A 
and two standard skew-tableaux 



[P,Q) 



P standard skew- Young tableaux of shape = X\/i 
filled with numbers 1, . . . , \X\/i\ 

Q standard skew- Young tableaux of shape = X\u 
filled with numbers 1, . . . , \X\u\. 
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instants of left move 



instants of right move 



1 st walker 




















llll 


mi 


1111 


1111 


Cll 


C12 




llll 


llll 


/# 




C 'l2 


C 13 


2 nd walker 


mi 


mi 


c 2 i 


C22 




llll 


r' 

c 21 


C 22 


r' 




3 rd walker 


mi 


C31 


C32 


C33 




llll 


4l 




43 




4 th walker 


mi 


c 4 i 






C 41 


C 42 









P of shape A\/x 



Q of shape X\u 



figure 1 

To the standard skew- Young tableaux P of shape A\/i, we associate m walkers 
starting at 

x\ = — A*i + < ... < x k = -fi k + k — 1 < ... < x m — —/jL m + 171 — 1, 

so that Xk — Xk-i = /ife-i — + 1 and requiring the k th walker, starting at 
Xk = —fik + k — 1, to move to the left only, at instants 

Cki = content of box (k, i) G P, 

and thus he has made, in the end, Xk—^k steps to the left. So, at each instant 
exactly one walker is moving and this during a time-span Tl = |A\/x|, until 
the m walkers reach the position 

-Ai + < ... < -X k + k - 1 < ... < -X m + m - 1. 

The fact that the skew-tableau P is standard implies that the walkers have 
never intersected, as one sees by imagining /i filled in a standard fashion with 
the numbers 0, —1, . . . , — + 1, thus yielding for each walker k, a path from 
Xk = —fik + k — 1 to —Xk + k — 1, not intersecting the paths of the neighboring 
walkers. 

In the same way, to Q, we associate m walkers starting at 



Vi = -v\ + < ... < y k = -Vk + k - 1 < ... < y m = -v m + m-l 
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moving left at instants c' ki , each making, in the end A^ — u k steps to the left, 
until the m walkers reach, after time T R = \X\u\ the position 

-Ai + < ... < -A fc + k - 1 < ... < -A m + m - 1, 

the same position as before, without having ever intersected. 

Now we assemble the two walks. It yields a walk with m non-intersecting 
walkers, going from (x± < . . . < x m ) to (yi < . . . < y m ), moving first T L steps 
to the left and then Tr steps to the right, obtained by reversing the second 
walk (associated with Q) such that the final position of the first walk (moving 
left) is the starting position of the second walk (moving right). Therefore, 
we have the total number of steps 

T = T L + T R = 2\\\-\n\-\v\, (2.1.1) 

from which Proposition 2.2 follows. ■ 



Consider now m walkers on Z departing from position x± : . . . ,x m , and 
ending up at y 1 , . . . , y m , as in Theorem 2.1. 



Proposition 2.3 



/ that m walkers in Z ; \ 
go from xi, . . . , x m to 
yi,...,y m inT steps, 
\ and do not intersect J 



(2 m y 



{ Tl t Tr ) ^ E 



A with \D/-i,V 

\\\v\=T R 
\J<m 



(2.1.2) 

where ji, v are fixed partitions defined by the X; L and yi 's, as in Theorem 2.1. 



Corollary 2.4 



( that m walkers in Z, \ 
go from and return 
to 1, . . . , m in 2n steps, 
\ and do not intersect ) 



(2m) 



In 



2n 



n 



) E (/ A ) 2 



(2.1.3) 
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Proof of Proposition 2.3: At first, notice that m walkers in Z, obeying this 
rule, is tantamount to a random walk in Z m , where at each point the only 
moves are 

dz6x, . . . , ic m . 

That is to say the walk has at each point 2m possibilities and thus at time 
T the walk has 

(2m) T (2.1.4) 

places to go. 

Returning to the Z-picture, we now associate to a given walk a sequence 
of T L Us and T R Rs: 

LRRRLRLLR...R, (2.1.5) 

thus recording the nature of the move, left or right, at the first instant, at 
the second instant, etc... 

If the k th walker is to go from Xk to y k , then 

J right moves 1 „ J left moves 
V*- x * = #{ for k th walker J # \ for k th walker 

and so, if 

._ n f l e ft moves 1 ^ rp n f right moves 

L ' 1 for all m walkers J R 1 for all m walkers 

we have, since at each instant exactly one walker moves, 

T R + T L = T 

m 

T R -T L = Y,{yk-Xk), 



from which 



Next, we show there is a canonical way to map a walk, corresponding to 
(2.1.5) into one with left moves only during times 1, . . . ,Tl and then right 
moves during times T L + 1, . . . , T L +T R = T, thus corresponding to a sequence 



L L L ... L R R R ... R . (2.1.6) 
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Indeed, in a typical sequence, as (2.1.5), 

L R R R L R L L R . . . R , 



(2.1.7) 



consider the first sequence R L (underlined) you encounter, in reading from 
left to right. It corresponds to one of the following three configurations (in 
the left column), 



L 
R 



L 
R 



L 
R 



R 
L 



R 
L 



R 
L 



which then can be transformed into a new configuration L R, with same 
beginning and end, thus yielding a new sequence; in the third case the re- 
flection occurs the first place it can. These moves have been considered by 
Forrester in [8]. So, by the moves above, the original configuration (2.1.5) 
can be transformed in a new one. In the new sequence, pick again the first 
sequence RL, reading from left to right, and use again one of the moves. So, 
this leads again to a new sequence, etc... 



L 


R 


R 


R 


L 


R 


L 


L R 


.. R 


L 


R 


R 


L 


R 


R 


L 


L R 


.. R 


L 


R 


L 


R 


R 


R 


L 


L R 


.. R 


L 


L 


R 


R 


R 


R 


L 


L R 


.. R 


L 


L 


R 


R 


R 


L 


L 


L R . 


.. R 


L 


L 


L 




L 




R 


R .. 


R, ; 



(2-1.8) 

Since this procedure is invertible, it gives a one-to-one map between all the 
left-right walks corresponding to a given sequence, with Tl L's and Tr i?'s 



LRRRLRLLR 



R- 



(2.1.9) 
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and all the walks corresponding to 



L L L ... L R R R ... R . (2.1.10) 
On the one hand, corresponding to this sequence, m walkers can walk in 

Ahf(T+H+M) 
A7<m 

ways, as follows from Proposition 2.2. On the other hand, there are ^ T ^ T T ^ 

sequences of T L Us and T R _R's, which combined with (2.1.11) yields the 
result. ■ 

Proof of Corollary 2.4-' In this situation, we have close packing, and thus 
fJ-k — v k = for all k, and so /j, = v = and T L = T R = T/2. With these 
data, (2.1.3) is an immediate consequence of (2.1.2). ■ 

2.2 Non-intersecting walks and D. Andre's principle 

We now prove the second and third formulae of Theorem 2.1, namely 

Proposition 2.5 

/ that m walkers in Z, \ 

go from x 1 ,...,x m to 

yi,...,y m inT steps, 
\ and do not intersect ) 



1 Y(-ir (w) 



fe5o 



T 

Vl^ x w(l) 7 Vl~ x w(l) 7 , 2M —;r uf(m) 7 , J/n -3: T«(m) 



ki>0 \ /iii ^ , Ail 5 j • • • j ^ml 5 ; ft'm'T 9 

J2?h=T/2 
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Proof: Consider again the random walk in Z m , where at each point the only 
moves are 

iei, . . . , ie m . 

Then 

ways to walk in T steps 
# { from x = (xi, ...,x m ) 
toy = (y u ...,y m )m Z r ' 

\ T 



,V1- X 1 ,,ym-xm 



ai,bi>0 



T 

ai bi...a m b r , 



V\-x 1 ym-xm 



T 

Er(af+6i)=T V fll ^1 • • • a m 



E 



fci>0 



T 



j, I yi-xi u yi-xi t, I y m -x m j y„ 

n-l i 5 "a 5 • • • ft-m "1 9 K-m 



Hence, by the D. Andre reflection principle, 

„ J ways to walk in Z n in T steps from x to y 
^ within the region {^i < . . . < z ra } C Z ra 

E ( _ irH# f ways to walk in Z n in 1 
}T steps from w(x) 1 — > y J 



&5o 



T 

7, _|_ 3/1 '^(l) 7, VI ~ x w(l) 7, _|_ yn~ x w(n) 7, j/ra ~ ^iu(n) j ' 

"4 ~1 2 ' 1 2 ' ' ' ' ' 11 2 ' n 2 



Ei fe»=^/2 

ending the proof of Proposition 2.5 



3 A matrix integral 



The main statement of this section is to prove 
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Proposition 3.1 The following matrix integral admits a "Fourier" expan- 
sion 

f e £r Tr(4 0) M^ -4 0) M^) e Er Tr( tj M^- Sj M^ dM 
JU(n) 

= £ a x ^°\s^)s x (t)s,(-s) (3.0.1) 

A,jLi such that 
<n 

wii/i Fourier coefficients, taking on many different forms: 

aUtW,8<®) = det (I ^-^ e TX^^-^^)J±\ 

\J s i 2tt iuJ 

E ^\A(t (0) )s,v(- S (0) ) 



K£fc<n 



1/ uret/i eDA,^ 



= / s A (M)s M (M)e^?° Tr ^ 0) ^-4 0) ^)rfM. (3.0.2) 

The proof of this Proposition will be given later in this section. Special- 
izing the £(°)'s and s^'s will lead to several examples, discussed in the next 
section (section 4). 

Consider the (t, s)-dependent semi-infinite matrix 

m oo(t, s) = {u i:j (t, s)) < iij<oo , (3.0.3) 

evolving according to the equations (here A is the shift matrix, with zeroes 
everywhere, except for l's just above the diagonal, i.e., (At>) n = v n+1 ) 

^ = A fc m 00 and ^ = -m 00 (A T ) k , (3.0.4) 
ot k ds k 

with given initial condition moo(0,0). According to [1], the unique (formal) 
solution to this problem is given by 

moo (t,s) =e^ tiAi moo (0,0)e- Sr«iA Ti ? (3.o.5) 

where 

CO 

e ^^^A' Sl (^(s H (i)) lSi<oo , 

n l < i < co 
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is a matrix of Schur polynomials 5 Sj(t), of which a truncated version is given 
by the following nxoo submatrix: 



E n (t) 








s 2 (t) • 


• S n -i(t) 


s n (t) 


S1 (t) . 


• s n _ 2 (t) 


s„-i(0 


. 


• Si(t) 


s 2 (t) 


. 


1 


Sl (0 



( S i"*(*)) !<<<„ 



l<j<00 



\ 



(3.0.6) 



Then the n x n upper-left corner m n (t,s) := ((J>ij(t, s ))o<i j< n -i °^ m °o(t, s) 
is given by 

m n (t, s) = E n {t) m^O, 0) ^T(-s). (3.0.7) 



Lemma 3.2 Given the semi-infinite initial condition m^O, 0), and given 
integers 

1 < ai < . . . < a n and 1 < bi < . . . < b n , 

the following determinants have a "Fourier" expansion in Schur and skew- 
Schur polynomials 6 

det(// M (£,s))i< M < n = ^2 det(m x,v (0,0))s\(t)s v (-s), for n > 0, 

A, v 
\J, vj<n 

(3.0.8) 

det{fi akM {t,s)) 1 < k/ < n = det(m x ' v (0,0))s x \ a {t)s v \p(-s) for n > 0, 

A, v 
ADct, iO/3 
AjT, i/^~<n 

(3.0.9) 

with Fourier coefficients, involving the matrices 

m A -"(0,0) := ( / / Ai _ i+W[ ,._ j+W (0,0)) 1 ^. [j .^ for Xj , vj < n, (3.0.10) 
5 See footnote 2 . 

6 The sum below is taken over all Young diagrams A and u, with the first columns 
and uj < n. 
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and where a and (3 are partitions defined by 

a,j = a n _ j+1 + j and bj = (3 n - j+1 + j. 



(3.0.11) 



Proof: Note that every strictly increasing sequence 1 < k\ < ... < k n < oo 
of integers can be mapped into a Young diagram Ai > A 2 > ... > A n > 0, by 
setting kj = j + \ n +i~j', and similarly with the increasing sequences £j, aj, bj. 
So, this leads to partitions A, u, a, 13: 

kj = Xn-j+l + j 
£j = v n-j+l + j 
a j = a n-j+l + j 
bj = (3 n - j+ i + j. 

It is also useful to relabel the index % with 1 < % < n, by setting %' := n — i + 1, 
also with 1 < %' < n and so on with the other indices. 
Applying the Cauchy-Binet formula twice, and setting 

A ai a 2 ...a n '■= matrix formed with the rows a± . . . a n of A, 

the expression (3.0.7) leads to: 

det (^(MkOl^Xn 

= det [E(t) aia2 ... an m^O, 0) (£n(-skfc 2 ... b J T ) 

Yl det (^-«>( i ))l<iJ<n det (( m oo(0,0)E(-s) 6l62 ... fe J T ) fcii6r ) i ^ 

l<fcl<...<fcn<00 

d(3t {Pkj-Oi (t)) 1 < iJ < n det ((/ife^lj-l) l&Zn (Pi- br (s)) l|i<oo ) 

l<fcl<...<fcn<00 

J2 det (^-^( t ))l<,,,<n 

l<fel<...<fcn<00 

d et det (Pe j -b r (-s)) 1 ^ n 

i<£i<...<e n <oo 
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— ^ det (^fix^-i'+n,^,- 



j'+n 

' l<i'J'<n 



det det (P(^-r)-(^-r') (-«)), 

\ / l<«,j<n \ / l<j,r<n 

V det U v _ i / +n „.,_ j / +n ) s A \ a (t)s^(-s), 



establishing Lemma 3.2. I 
Proof of Proposition 3.1: In the integral 

f e T 1 T^{t j Mi- Si W) dM ^ 

JU(n) 

the shifts U i— > i , + , s; i— > Sj + s ^ lead to a Toeplitz matrix of the form 



U(n) 



l e TrV(M) e Y.?Tr(t J Mi-s J Mr) dM 
JU(n) 

det( ju'-WMeX™*-'^ 



2ni Uy !<^ fc < n 

with 

oo 

V(u) := $^(tf V - s f u ~ j ) (3.0.12) 
l 

The following matrix of integrals has the form (3.0.5), using footnote 2 and 
(3.0.6), 



2iri u 



oo „ 
Yl S «W S /3(-s) f 



l<£,k<n 

du 



u e-k+a-P e V(u) 



2m u 

\a,/3=0 



l<£,k<n 



Tip 2mu /i<e,k<oo 



21 



or, alternatively, the matrix above satisfies the differential equations (3.0.4), 
with initial condition 

u e-k c v(u) du 



2ni u / K , K „ 



Now, using Lemma 3.2, its determinant admits a Fourier expansion in Schur 
polynomials 



e Er Tr(<< 0) Mi-sf M^) e Er Tr( tj Mi- Sj Mi) dM 
U(n) 



a x ^\s^)s x (t)s,(-s), (3.0.13) 



X,fj, such that 
,fi^ <n 



where the Fourier coefficients can be expressed in two different ways, first as 
a determinant, using (3.0.8), and secondly as a Fourier series, to be explained 
below, 

a x M(°\ S M) = det (<t u ^-^ e ET(tr^-sf^)J^_\ 

= £ M A (t(°))s, v (- s (°)). 



To prove the second expression above, we apply (3.0.9) of Lemma 3.2. Indeed, 
switching points of view (i.e., t — > t^°\ s — > s*- -*), the initial condition for the 
differential equation (3.0.4) is given here by 



du 



t(0)= s (0) =0 



which implies that in the sum (3.0.9), the Fourier coefficients all vanish, 
except when A = u, for which they equal 1. Moreover, the sequences 1 < 
a\ < a 2 < . . . < a n and 1 < bi < b 2 < . . . < b n are given by 

l<A n — n + c< A n _i — (n — 1) + c < . . . < Ai — 1 + c 
l<fi n -n + c< n n -i -(n-l) + c<...<fi 1 -l + c 
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with c the smallest integer for which the inequality < is satisfied; e.g., 



CLj = \n-j+l ~ (n ~ j + 1) + C 

= Xn-j+1 + j - (n+ 1 - c). 

The orthonormality of the Schur polynomials 7 (s\, s M ) = allows for an al- 
ternative way of expressing the "Fourier" coefficients ax^t^, s^) in (3.0.2): 

aA,(t (0) , S (0) ) 

= U x (t)s,(-s), ^(t {0 \s^)s a (t)s^-s)\ 

\ a, (3 such that / 

aj ,pj<n 

= s x t )s,(-d s ) M* ( V (0) K(*M-s 



ot,0 such that 



t=o, s=0 



JU(n) 



t=0, s=0 



s A (M)s M (M)e^? ;T ^ 0)MJ -4 0) ^)dM, 



U(n) 



upon using the identity 



s A ( Tr M i Tr M 2 , J Tr M 3 , ...)=: s A (M), 
t=o \ 2 3 



thus ending the proof of Proposition 3.1. ■ 
7 where the inner-product is denned by 

</(*),*(*)> - f(W)l o , wiM := (A, 1 A„ 1 A, . . .) (3.0.14) 

8 Thus s\(M) is viewed as a symmetric function of the eigenvalues x\, . . . ,x n of the 
unitary matrix M 
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4 Matrix integrals and Random Walks 



In this section, we consider some interesting special cases, based on special 
values of t and s, for which the skew Schur polynomials take on the following 
form: 



8\\ a (t) 



U=u8n 



« |AH s A (l,0,.. 

u |A\a| 



|A\a|! 

u |A\a| 



standard skew-tableaux 
# ^ of shape \\a, filled 

with numbers 1, |A\a| 



(4 §,...) 

{semi- standard skew-tableaux 
of shape \\a, filled 
with numbers 1, q 

We now study the three integrals, appearing in the introduction: 
4.1 Integral 1: f s x (M)s^M)e zTT{M+M) dM 

JU(n) 

A generating function for 



and 



S\\ a (t) 



iti=qu l 



{ways that n non-intersecting walkers in Z move during 
k instants from Xi < x 2 < ... < x n to y\ < y 2 < ■■■ < y n , 
where at each instant exactly one walker moves 
either one step to the left, or one step to the right 

is given by the matrix integral 

E ik? = / s x (M)s,(M)e z ^ M+ ^dM =: a x ,(z). 



(4.1.1) 
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Furthermore, a generating function for the 's is given by 



X,fi such that 
^1 '^l" — n 



where 

H n -k+i := x k - k + 1 , \ n -k+i :=y k -k + l. for k = 1, . . . , n. (4.1 

Proof: Consider the locus 

d = {all if = 4 0) = 0, except tj 0) = z, = -z). 

Then, since 

eEr(tf ) « i -»i 0,tt " < ) 



we have, using (3.0.1), 

/" e2 T r( M + M) e ErTr(t,M-- Sl M^ M= £ ^(^(^(-s), (4.1 
JU(n) 

X.jj, such that 

with 

= / s x (M)s,(M)e^ M+ ^dM 

JU(n) 

= detfd u^-w+VCu+u- 1 ). C/ " 



'5 1 27T m y 

E MA(i (0) )M,(- (0) ) 



£1 



E |i/\A| Ji/VI 
|i/\A|! J J 



1/ with iOA./i. 

00 v fc 



k\ h\ k 2 \ ^ J J 

k=0 v with iOA.fi 



|i/\A| = fc! 
|i/\/l| = k 2 
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ways that n non-intersecting 
z k I walkers in Z move in k steps 



fcl I from Xi < re? < ••• < 

fe>0 | 12 n 

to yi<y 2 < ••• < 2/n 

as a consequence of (2.1.2), where 

h = \{k - |A| + \fj,\), k 2 = \{k + |A| - H). 

An alternative way of proving the final formula is to invoke the D. Andre 
reflection principle. Indeed 



a Xil (z) = det( 



in 



det ( e 2(u+u 1} ) using (3.0.2) and (4.1.2) 

V \u Vi x i/l<i,j<n 



) 

wew l 




z k 



k>0 



walks of k steps 

from 1 1-> ?/ in Z" V — , using Theorem 2.1 

within < . . . < «„} 

ways that n non-intersecting walkers 
in Z move in k steps I z k 

from xi < x 2 < ... < x„ \ k\ 

to yi<y 2 < ••• < y« 



4.2 Integral 2: / s\(M)s fl (M) det(7 + M) q e zTTl ^dM 

JU(n) 

A generating function for 

ways that n non-intersecting walkers move during q + k 
instants from x± < ... < x n to y± < ... < y n , where at 
the instants 1 to q, walkers may move one step to the 



#8 = # < 



right, or stay put, and at the instants q + 1, q + k 
exactly one walker moves one step to the left, with 
total ^{effective moves} = 2k + YliiVi ~ x i)- 

(4.2.1) 
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is given by the matrix integral 



E TTC = / *x(MK(M) det(J + M) V Tr U dM =: a A/1 (z). 

fc>0 JU(n) 

Furthermore, a generating function for the 's is given by 

V a^(z)s x (t)s^-s) = [ det(I + Mye zT ^e^ T ^ M '- s ^dM, 

JU{n) 



X,fi such that 



with 

Hn-j+i ■■= Xj-j + 1, \ n -j+i ■■= Vj -j + l, for j = 1, . . . , n. 

Proof: Consider the locus 

C 2 = {all ^ (0) = ^ (0) = -^ a }. 

Then, using 



we have by (3.0.1) that 



i>i — = (i -xu)~ q , 



iti=qx l 



U(n) 



det(J + Mye zTrM e^ Tl ^ MI - s ^dM 
E a A/1 (z)s A (0s M (-s). 

A, fj, such that 
^1 '^1 — n 



Using 



S(A\«)t(0 = (-l) |AV % Q (-t) 
SA\a(-tl,t 2 ,-t3,...) = (-l) |AH S A \ Q (t), 

the Fourier coefficients a^(z) of (3.0.2) have the following interpretation: 



a aP (z) = det ( [ u^-^ETi^-sf^d^ 
\J s i 2tc iu 

= det ^ u ae - £ -^ +k (l + u) +q e zu 



l<e,k<n 



s i =—z5 i i 



i du 



2n iu 



l<£,k<n 
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s a«w .. . ul s M~ s 

iti=—q(—lp 



XDoj 



Si=— zSn 



XDoj 



i*i=-9(-l) i 



5 (A\/3) n 



s=—z5r 



"I) 



|A\a|+|A\/3| 



XDoj 



Z |A\/3| 



iu= q {-iy K ' \\\[3\\ J 



k 

k=0 ' Ahfe+|/3| 
\J<n 



q, 2 , 3 ,-) / AV3 



00 1, 



fe=0 



all (P,Q), with P semi-standard and 
Q standard skew-tableaux of arbitrary 
shape (A\a) T and (A\/3) T , filled 
with numbers 1, q and 1, /c, 
with A h A; + A^ < n and fixed a, (3 



00 1, 



k=0 



(4.2.2) 



upon setting 

:= a n _ i+ i + j - 1 and := /9 n _ i+ i + j - 1. 

Then 9 

Total # {effective steps} = T R + T L = = 2|A| — | ok j — 

= 2(|A|-|/3|)-|a| + 

n 

= 2h + ^2(yi-Xi), 



proving statement (4.2.1). 

9 The number of "effective steps" counts the actual steps taken by all walkers; i.e., two 
walkers walk simultaneously count for two steps, a walker not walking contributes nothing! 
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The last equality in (4.2.2) requires a little explanation. We refer here 
to figure 1 in section 2.1, but somewhat modified, with fi — * a and v — > (3. 
Namely, the left diagram corresponds to right steps and the right diagram 
to left steps. The last row corresponds to the first walker x\ = a n and the 
first to the last walker x n = a,\ + n — 1. With this slight change, a semi- 
standard skew-tableau of shape (A\a) T , with < n, filled with numbers 
l,...,q, is tantamount to a skew-partition X\a, with Xj < n, filled with 
numbers among 1, . . . , q, which are strictly increasing from left to right and 
non-decreasing from top to bottom; not all numbers need to be used. If some 
number 1 < r < q is not used in the skew Young diagram, then no walker 
moves at that instant. So, the pair (P : Q), as in figure 1, corresponds to a 
walk departing from x^ = a n -k+i + k — 1 and ending up at y& = (5 n ^ +1 -\-k — 1. 
The most-left walker moves to the right only at the moments indicated by 
the integer appearing in the first row, the second walker moves right at the 
moments indicated in the second row, etc... Thus, corresponding to P, two 
walkers can simultaneously move right! 

4.3 Integral 3: / s x (M)s^M) det(I+zM) p det(I+zM) q dM 

Ju(n) 

A generating function for 

ways that n non-intersecting walkers move during p + q 
instants from x\ < ... < x n to y\ < ... < y n , where at 
the instants 1 to p, walkers may move one step to the 



right, or stay put, and at the instants p+ l,...,p + q 
walkers may move one step to the left or stay put, 



with total ^{effective moves} = k. 

(4.3.1) 

is given by the matrix integral 



E 



k\ 

k>0 



&W = f s x (M)s^(M) det(J + zM) p det(J + zMfdM =: a x „(z). 

JU(n) 
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Furthermore, a generating function for the a AM 's is given by 

«A M (^SA(t)s M (-s) 



X,/j, such that 
A^~ <n 



[ det(J + zMf det(J + zMfe^ ^ M '-^)dM, 

JU{n) 



with 



fln-j+l :=Xj-j + l , \n-j+l := Vj ~ j + 1, 

for j = l,...,n. 

Proof: Consider the locus: 

£ 3 = {all iti = -p(-z) 1 , iSi = q(-z) % }. 

Then, using 



,Er(tiu'-«ju-) 



£3 



= (1 + zu) p (l + zu" 1 )*. 



we have by (3.0.2), 

a a/3 (z) = det( [ u^-^+^l + zuYil + zu-'y-^-] 
\J s i 2tx iu J 

= Yl S ^( t ) S X\f3(-i 



l<£,k<n 



A with 

xj< n 



= E «(A\«)T(-0(-l) |AXa| «(AVJ)T( S )(-l)l A V»"| 

A with 
\J<n 



A with 

AT< n 

OO 



E s w«) T (p> I' •••) s (w (9. §> •••) 



k=0 



|A|=l(fc+j a | + |/3|) 
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fc=0 



all (P, Q), with P and Q semi-standard 
skew-tableaux of arbitrary shapes (A\a) 
and (\\j3) T , filled with numbers 1, ...,p 
and 1, q, with A h \{k + |a| + |/3|), 
A^ < n and fixed a, (3. 



= E 

fc=0 

as given in (4.3.1). 



5 The action of Virasoro on Schur polynomi- 
als 

A border-strip h G B(i) is a connected skew-shape A\/i containing i boxes, 
with no 2 x 2 square. The height of a border strip h is defined as 

ht h : = #{rows in h} - 1. (5.0.1) 

Consider the Virasoro operator in the variables ti, t 2 , . . . for k e Z, 




(5.0.2) 



In this section we study the action of the Virasoro operators on Schur poly- 
nomials s\. From the Murnaghan-Nakayama rule [13], stated in Propo- 
sition 5.2, it follows that (Corollary 5.3) 

nt n s x (t) = (-l) ht(/AA) s„(0 

M \AeS(n) 

£-a x (t) = ("l) ht(AV V*)- (5.0.3) 

In view of this, one would expect V n Sx to be expressible as an infinite sum 
of Schur polynomials. This is not so: acting with Virasoro leads to the same 
precise sum, except for different coefficients: 
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Theorem 5.1 The Virasoro operator acts as follows on Schur polynomials 



V n s x 



fi\AEB(n) 

E * 

M 

A\ M gS(n) 



(-n) 



(5.0.5) 



w?£/i (n > 1) 



(-n) 



E 



E 

A\z/ g 

/i\z/ G 5(n + i) 



_^ht(\\u)+ht(fi\u) 



n 

4e 



i=i 



E 

v\\ G 

G B(n — i) 



(-1) 



ht{v\\)+ht(p\v) 



. (5.0.6) 



We need a few combinatorial preliminaries. Given 

a := a 2 , . . .), a 8 e Z> , (5.0.7) 

define 

T := border-strip tableau of shape A\/i and type a, X] a « = | A\/x | , 

is an assignment of integers (> 0) to the boxes of A\/i, such that 

(1) the positive integers are weakly increasing from 

(2) the integer i appears cti times 

(3) {squares containing i} is a border strip Sj. 



J left to right 
1 top to bottom 
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Define 

ht B { = #{rows in B { } - 1 
ht T = ht B i 

all border-strip tableaux T 
of shape X\/x and type a 

Given a as in (5.0.7), define 

Pa = P ai Pa 2 ■■■= \ ^2 X ij \ ^2 X ij - = "1^1 «2^ 2 



The Schur polynomials s(t) form an orthonormal basis in the space of 
symmetric functions, for the customary inner-product (3.0.14) in footnote 6, 
between symmetric functions, where ktk = J2i>i x i : 

(s A ,s M ) = V (5.0.9) 

The identity 

d 

(iUsx, s M ) = (s A , — s M ) (5.0.10) 
shows that, with regard to the inner-product (3.0.14), 

I) (5011) 

and so the matrices representing iti and d/dU in the orthonormal basis are 
transpose of each other. Also, for k > 0, 

\ i+j=k J —i+j=k J —i—j=k 

= \ E ^|- + ^ E 

i+j=k —i+j=k —i—j=k J 

= V_ k - (5.0.12) 

hence also the matrices associated with and V_k are transpose of each 
other. 

We now have: 
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Proposition 5.2 (Murnaghan-Nakayama rule )[13] We have 

p a sx = J2x >lXX ^)s^ (5.0.13) 
n 

Corollary 5.3 The following holds: 

ius x (t) = Yl (-i) ht(MA) ^w 

M\A6S(i) 

|"Sa(0 = £ (-l) ht ^s M (t). (5.0.14) 

x\neB(i) 

Example: For a partition A = (Ai > . . . > \ n > 0), Corollary 5.3 implies: 

d n 

S A (t) = £ S„(*) = £ SA-e,(i) = ^S A _ e ,(t), 



iy such that l<i such that 1 

\\\v\=l ^i+l <A i 

ra+1 



tlS X (t) = S v (t)= Yl S A+e,W = ^S A+ei (t) 

f such that such that 1 

W\x\=i *i<\-i 
a n n—l 

! *x(t) = Y (-i) ht(AV) ^w = E s ^w-E s ^— + m 

\\ueB(2) 1 1 



with 5(2) = { L_U , U }, 



where = (0, . . . , 0, 1, 0, . . .) T . Note that the right most sum in each of the 
expressions means "wherever it makes sense!"; i.e., you sum over i, wherever 
A — Bi, A + Bi, A — 2ej and A — e$ — e i+ i are again partitions. 
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Proof of Corollary 5.3: The first identity follows by applying the Murnaghan- 
Nakayama rule to Pi = J2k>i x k = iU- In that case, 

X AX (i) = E (-^^ 

border-strip tableaux T 
of shape /i\A and type i 

= (_i) ht (MA) ) wit h/i\A e B(i), 

since the only border-strip tableau T of shape and type % is a border-strip 
fj\X e B(i). 

To prove the second relation (5.0.14), let 

d 

* v 

Then using the duality (5.0.11), the result follows immediately, by taking the 
transpose of the first relation (5.0.14). ■ 

Proof of Theorem 5.1: At first, it suffices to prove (5.0.4) for n > 1; the 
second identity (5.0.5) follows immediately from the duality (5.0.12). 

Step 1 : From (5.0.2), (5.0.9), (5.0.10) and from Corollary 5.3, it follows that 
/ 9 d \ 1 ^ / 8 

= e( E (-!) ht(AWs - E (-i) ht(MV V 

i>l \A\!yGB(i) (i\i/'6B(i+n) 



+^e7 e (-i)* ( " na v e (-i) ht( ^' } s^ 



i=l \i/\A£B(i) ^\v'eB(n-i) 
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Hence 



E E 

f v such that 

\\v e B(i) 
[ n\v G B(i + n) 



(_l)ht(A\i/ 



)+ht( M \f) 



n-1 



1 * 



(-1) 



ht(i/\A)+ht(/i\") 



f such that 
i/\A G 

it\f G £>(n — i) 



^-nS A = y^(^-nSA,S^)s / , 



= E^E E 

Ai6B(t) 
h n+i G B(n + i) 

such that 
X\hi = n\h n+i 
= some partition v 



^_j^ht(/n)+ht(h„ +i ) 



n-1 



+ 2E S ^E 

u i=l 



E 

hi G 
/i n _i G B(n - i) 
such that 
(i\h n -i = v 
v\hi = X 
for some partition v 



^_ 1 ^ht(h i )+ht(/i„ 



(5.0.15) 



S'tep 2: Having shown that 
we now prove that 

*(-») , 



VlnSA = V 



/OA 



The first sum in (5.0.15) contains a summation over /ij e B(i), h n+i e 
5(n + i), such that A\/i« = fi\h n+i = some partition z/. Therefore /i = 
A\/ij + h n+i . We distinguish two cases: 
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(i) Ac/i, in which case hi C h i+n 

(ii) \ fi <^ hi h i+n 

Assume we are in case (ii). Then 

either (a) hi fl h i+n = 
or (b) hi n hi+n = 6^0 

so in case (ii,b), we have 

hi\b = a ^ 0, h i+n \b = (3 ^ <p 
and thus a and (5 are border-strips such that 

hi = a + b and h i+n — (5 + b. 

Therefore, since X\hi = ji\h n+i , we have found border strips a and f3, such 
that 

\\a = pi\P a e B(i-\b\), f3 e B(n + i-\b\) 

and 

A\(a + b) = fj\(P + b) — some partition v, a + b e -B(i), /3 + b e + i). 

(5.0.16) 

Hence, in the first sum of (5.0.15), the coefficient of s M contains 

^_-Qht(a)+ht(/3) _|_ £_-Qht(a+6)+ht(/3+&) _ g 

and therefore does not contribute. The point is that, if, say, (5 is above a, 
then the the first statement in (5.0.16) forces (3 and b to have boxes lying on 
the same row, and a and b on the same column; hence 

ht(/3 + 6) = ht(/3) + ht(6) 
ht(a + 6) = ht(a)+ht(6) + l., 

and thus 

(ht(a + b) + ht(/3 + 6)) - (ht(a) + ht(/3)) = 2ht(6) + 1, 
which is odd. 
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As an illustration, we give the following example. Let 





(5.0.17) 



figure 2 

Clearly 

A - h 7 = \i - h w , 

where J17 and hio are border strips, having a border strip b in common (6 is 
given by the boxes containing stars *). In the first sum of (5.0.15) above, 
the couples of border-strips (^2,^5) and (h 7 ,h w ) contribute to the sum, as 
follows: 

^_-Qht(a)+ht(/3) ^_-Qht(a+6)+ht(/3+6) _ ^_-Qht(/i 2 )+ht(/i s ) _|_ (_-Qht(/i 7 )+ht(7ii ) 

= (-l) 3 + (-l) 5+5 

= 0, 

and thus 

(H(h 7 ) + ht(h 10 )) - (ht(/i 2 ) + H(h 5 )) = 2ht(6) + 1 = 7. (5.0.18) 
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In case (ii,a), we consider hi and h n+i (hi fl h n+i = 0) with the unique 
connector b, which make hi + h n+i + b a border strip and again, by the same 
reason given before, 

^_^ht(hi)+ht(h n+i ) _|_ ^_^ht(hi+b)+ht(h n+i +b) _ g ^ q 

In Figure 2, consider h 2 and /i 5 with /i 2 H h 5 = 0. The border strip b, as 
in Figure 2, is the unique connector of h 2 and h^. So (5.0.19) is illustrated 
again by formula (5.0.18). 

We conclude that only case (i) remains, i.e., where A C /i in which case 
hi C h i+n . Therefore 

/i = (X\hi) + h n+i = A + (h n+i \hi), with \fj\X\ = \h n+i \hi\ = n. (5.0.20) 

In the second summation of (5.0.15), it is obvious that 

A C fi, hid h n _i = and |/x\A| = n. (5.0.21) 

So, altogether, we have shown that 



/OA 
|p\A|=n 



Step 3: Finally, we show that 

V- n s x = 47V- 

M 
(IDA 
M \A£S(n) 

Indeed, if /i\A ^ B(n), then, by (5.0.15), we have two possible contributions 
to the coefficient of s^; we first deal with the case as in (5.0.20), and 

A C (X\hi) + h i+n = fi, with /i — A ^ B{n) 

Then fi\X = hi +n \hi = o is not a border strip, while /ij + a is a border strip 
and hence connected. Thus a must come in exactly two border strips; say 

h i+ n\hi — a + P, 
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and thus we are precisely in the situation of (5.0.21), with either = 
a, h n _i> = (3, or h v = (3, h n _ v = a, 

Ac//, fl h n -i> = and /i\X = hy + h n -i>. 

That puts us in the situation of the second contribution to s M in (5.0.15). 

In Figure 3 below, A is the Young diagram to the left of the bold face 
line and fi denotes everything; /i\A consists of the two border strips a and j3 
below, while h n +% is the large border strip bordering A on the right. 

A /! 

I I 



















//// 
















i 














































* 


i 
































f 








lilt 






i 




Hi 


Hi 
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figure 3 

In the first contribution to s M in (5.0.15), 

\\hi = partition = fi\h n+i 

contributes 

^_-Qht(Jii)+ht(/i i+ „)_ (5.0.22) 

In the second contribution to in (5.0.15). 

fi\h n -i< = v, v\hi> = A 

contributes, upon first setting a — (5 — h n -i>, and then setting a = 
h n -i>, (3 = h v , yielding 

2 (_ 1 )ht(h i 0+ht(fc B _ i 0. (5.0.23) 

The sum of (5.0.22) and (5.0.23) vanishes, the point being that 

ht(hi) +ht(h i+n ) = ht(hi) + ht(h a+hi+ p) 

= ht(hi) + ht(h a ) + ht(hfs) + ht(hi) + 1 

= ht(/i i 0+ht(/i n _ i 0+2ht(^) + l; (5.0.24) 

this is a consequence of the fact that the upper strip a and hi must have a 
cell on the same row, where they meet, since (j\(at + (3) = A is a partition. 
For the same reason, f3 and hi cannot have a cell on the same row. Thus 
the two contributions to s M in (5.0.15) must cancel out in unique pairs, if 
n\X ^ B(n). This ends the proof of Theorem 5.1. ■ 

Corollary 5.4 For a partition A with at most n rows, the following holds: 
V s x = |A| s A (5.0.25) 

ra+l 

V- lSx = (Ai-i + l) s A+ei =^2{\i-i + l) s x+ei (5.0.26) 

1<Z such that 1 
A i <A i-l 

n 

v lSx = ^ - *) s *-* = ' ( 5 - - 27 ) 



l<i such that 
X i-\-l< X i 
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where ej stands for a box added to the right of the jth row of X. The second 
sum in (5.0.26) and (5.0.27) refers to a sum over alii, with the understanding 
that s\± Bi = 0, if A ± e« is not a Young diagram. 

Remark: Compare with 

n+l 

tiS A = ^s A+ei (5.0.28) 
i 

n 

— s A = 5> A _ ei . (5.0.29) 



i 

n n—1 



d s x (t) = 5> A _ 2ei (i)- J> A _ ei _ ei+1 (i) (5.0.30) 



dt 



i 



Proof: To see identity (5.0.25), observe that for monomials 

d_ 

'dt, 



3 

and so, since Schur polynomials have the form 

s A = yi ^n*?' 

the result follows. 

We now turn to the identity (5.0.26). From the identity in Theorem 5.1, 
it follows that the second sum in (5.0.15) vanishes and so 

n\\eB(l) 

Y rf A,A+ ej S A+ej 

j>1 such that 
A 7-1> A 7 
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E 




i)+ht(h i+1 ) 




hi e B(i) 
h i+1 e B{% + 1) 



such that 



X\hi = (A + ej)\h i+1 



= some partition V 



(5.0.32) 



In the sum above 



hi+i — hi + 



one box, appearing 
at the right most place 
in the jth row of hi + \ 



Consider now a A such that \\hi = (A + ej)\h i+ i = some partition. Given 
the rightmost box b in the j'th row such that > Xj', the extra box Cj is 
precisely added to the right of this box. Two kinds of hi, satisfying these 
requirements can be formed. 

• All possible border strips h of A, containing that box b and contained 
in the rows j, j + 1, . . . of A, such that \\h = v remains a partition; see 
figure 3 for an example. Then h G B(i) for some % > 1. Writing hi := h 
and letting hi + \ := hi + tj G B{%), we have that \\hi = (A + ej)\h i+ i and 
ht(h i+1 ) =ht(hi). 

• All border strips h of A, containing that box b and contained in the 
rows 1, ... ,j of A, such that \\h = v remains a partition; see figure 4 for an 
example. Then h G B{i) for some % > 1. Writing /ij := /i and letting := 
hi + tj G -B(i), we have that \\hi = (A + ej)\/i i+ i and ht(/i i+1 ) = ht(/ij) + 1. 

Example: Consider 



A = 



(7,6,6,4,1,1) 
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\ + e j =U =(7,6,6,5,1,1) 

• On the one hand, the different h^s, corresponding to a + sign in (5.0.32), 
are generated as follows: 
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figure 4 



They correspond respectively to 

X\hj = (A + ej)\h i+1 



A\EB = (A + ej)\Effl 
A\Effl= (A + e,)\H±H 

a\ FR+I+1 = (A + fij )\ l+FR+f 



A\ 



+ 


++ 


+ 


+ 
+ 





(A + e,)\ 



+ 


+ 


+ 


+ 


Ml 

tftr 


+ 
+ 





(_l)ht(/ii)+ht(h i+1 ) 



• On the other hand, the different h^s, corresponding to a — sign in 
(5.0.32), are generated by: 
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figure 5 
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They correspond respectively to 





= (A + ej)\h i+ 


i 




(_l)ht(/ii)+ht(A l+1 ) 


A\b 




= (X + e j )\ 


ML 






= -1 


A\b 




= (X + e j )\ 


K 






= -1 


A\b- 




= (X + e j )\ 


ML 






= -1 



The point is that in the first case each additional h corresponds to adding 
to the previously added h a new box to the immediate left of the previous h 
(in the j'th row) and as many boxes as there are in A below the new box added, 
thus yielding Xj cases in all, each contributing +1, since ht hi = ht hi+i. In 
the second case, we add to the previously added h one box above the left 
most box of h and then all the boxes in A to the right of that new box, 
yielding j — 1 cases, each contributing —1, since ht hi = ht h i+ i — 1. So, 
the total sum equals A^ - (j - 1) = #{1} - #{(-1)} = 4-3 = 1. For this 
example, one computes 

^-lS(7,6,6,4,l,l) 



- 7 8(8,6,6,4,1,1) + 5 S(7,7, 6 ,4,l,l) + 8(7,6,6,5,1,1) - 3 S( 7 , 6 , 6 ,4,2,l) ~ 6 8(7,6,6,4,1,1,1)5 

corresponding to the different ways to add a box ej to the partition A. This 
ends the proof of (5.0.26), whereas identity (5.0.27) follows from (5.0.26) by 
taking the transpose. ■ 
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6 Virasoro actions, Fourier series and differ- 
ence equations 

Remember the notation (1.0.2) for 

V_i = V- 1 (t)-V 1 (s)+n(t 1 + -£- 



dsi 

Y = V (t)-V (s) (6.0.1) 

d 



Vi = -V_ 1 (s) + V 1 (t)+n[s 1 + 8/ 



(6.0.2) 



with the V fc -operators as in (1.0.3); e.g., 

i>l 1 

V^t) := £(i + l)t i+1 A V x {t) := £(i ~ 1)^-1^7- 

j>l 4 i>2 1 

In [2], we have shown the following: 

Proposition 6.1 For all integers n > 0, the integrals 

r n (t,s) := / e ^ T ^ M% - s ^dM 

JU(n) 

= [ |A„(,)| 2 nfe^n^--r)^ (6.0.3) 

As 1 )" fc =1 V 27172*/ 

satisfy the following three Virasoro constraints: 

YiT n = fort = -1,0,1. 



Two strictly increasing sets of integers x = (xi < x 2 < . . . < x n ) and 
y — (yi < y2 < ■ ■ ■ < y n ) i n ^>o are equivalent to two partitions A = 
(Ai > ... A n ) and ji = (/ii > . . . fj, n ), with \J < n and fij < n, by setting 
Xi = Xn-i+i + and y { = fi n -i+i + (i - 1), as in (1.0.7). 
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6.1 Integral 1 

(i) For the fixed partitions A and /i, with at most n rows, the integral 

OO £ 

s A (M)s M (M)e zTr(M+M) rfM = Y/- 

<U{n) 



r 00 k 

a x ,{z) : = / s x (M)s,(My^ M ^dM = £ i-&g> (6.1.1) 



satisfies the difference equations, with := C^±(\, //, z), 





Ki<n 



(6.1.2) 

^Vam) : = (\M - M) fl A, M + ^ ^ K+e^ - ax^+ej = (6.1.3) 
.(1), 



l<i<n 

C ( +'(a Xfl ) = 0, (6.1.4) 
where 



4W) := ^(^A). 



(ii) Moreover, 



{ways that n non-intersecting walkers "i 
in Z move from x\ < x 2 < ... < x n > (6.1.5) 
to yi < y 2 < ••• <y n ink steps J 

satisfies the difference equations, alluded to in table 2 of the introduction, 
with L± } := L^(x,y, A k ), 



L [ - ] m ■= - E ((yi + VtU-x^) 

\<i<n 



l<i<.n l<i<n 



(6.1.6) 
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4 X) m ■= E (w - *o + * ( E - E 

l<i<n \l<j<n l<j<n / 





(6.1.7) 



= °> ^re LW^t/)^^^,,). (6.1.8) 

Remark: In the formulae above, the integer = 0, when the strict inequal- 
ities X\ < x 2 < ... < x n and y\ < y 2 < ... < y n are not satisfied. 

Proof: Applying the shifts t\ i — ► £i + z, S\ i — ► Si — -2 to the Virasoro 
constraints of Proposition 6.1, and to the matrix integral (6.0.3) lead to the 
following equations, for k — —1, 0, 1, 

= Y k [ e *n(M+M) e Z?Tr(t i M i -SiM i ) dM 
JU{n) 

= V fe E a A M (^)sA(i)s M (-s), 



A,// such that 
,(x~y <n 



where 



V_x = V- 1 (t)-V 1 (-s)+n[t 1 + 4-)+z(n+4- 



dsi J \ ds 



'2 

v „ = w) -y o( - s) + ,(A + |_) (6.X.9) 
v, = -y_ l(s ) + y lH ) + „( Sl + J-)-.( n -| 

Using the action (5.0.28), (5.0.30), (5.0.26), (5.0.27) of t ± , d/dt 2 , V- X and V x 
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on Schur polynomials, one computes 

= V_i(t,s) a x ^z)s x {t)s^-s) 



<n 



= ^2 ax 'v < 



f (y_i(t)SA'W)SM'(-s)-SA'(*)(^l(-s)v(- s )) 1 

+n(tis v (t))s^(-s) -ras A /(t) (a(^)V( -s ) 



^ +2 n s A /(t)s„/(-s) - 2; s v (t)^ys^(-s) 



f n+l 



'n+l 



\ 1 ,Mj 



+n ^s v+ei (t)s^(-s) - s A /(t)^s M /_ ei (-s) 

V i i 
+zn s A /(t)s M /(-s) 

/ n n—l 
-ZSy(t) ^S M /_ 2ei (-s) - ^ S// _ ei _ ei+1 (- S ) 



£ s^C-^W*)) (**)■ 



> (*) 



The coefficients £^(a AjU (z)) of s A (t)s M (— s) in the formula above are linear 
expressions in the a A/i (-z), given by the difference equation (6.1.2). Also notice 
that, from the expression (*), it would seem one would have to include in 
the sum (**) partitions A of the form A = A' + e n+ i, with A'/ = n, so that 
A^ = n+l. However, the coefficient of such terms vanish by visual inspection! 
The Virasoro duality 

Vi = -V_i 

U — y-s 

implies at once expression (6.1.4). 
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Finally, 

= V Yl ^(z)s x (t)s^-s) 



X,fj, 
A^~ ,fj,~£ <n 



( (V (t)s x (t)) Slx (-s)- Sx (t)(V (-s)s^-s)) 



1] «A M 



A, y, 
A^~ <n 



f (|A| - M)sa(*K(-«) 

+2 ^s A _ ei (t) s M (-s) - z s A (t) ( ^s M _ ei (-s) 



A^^n 



In this expression, the coefficient C^\a Xfl (z)) of s A (t)s M (— s) is precisely equa- 
tion (6.1.3). 
Then setting 

k>0 

in (6.1.2), (6.1.3) and (6.1.4), one finds, using the map £ n +i-i = \i + n — i, 
Vn+i-i = Hi + n-i, 

= £<i>(«vM) = £<? fetft'^) = £ £ ? PS') F" (6 - L1 °» 
leading to (6.1.6), (6.1.7) and (6.1.8). ■ 



6.2 Integral 2 

(i) For the fixed partitions A and ji, with at most n rows, the integral 

r 00 k 

a Xlx {z):= / s A (M)s M (M)det(/ + M)V Tr ^M = V^TT (6- 2 - 1 ) 
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satisfies the difference equations, with &± := C±\\,[i,z), 

n n 



1 

n n—l 



+ a \fi(\M - M +nq) - z(^2a x ^ +2ei - E a A,«+ ei+ei+1 ) = 

1 l 

(6.2.2) 

n n 

C^\axn) := ^ax^-etifM ~ i + n) - E a A+e,,«(Ai - % + n + q + 1) 



l 

n 



+ axudul - \\\ + nz) + z^2 a \n+e t = 0. 

i 

(6.2.3) 

(ii) The coefficients bj£y satisfy, with l}± := L±\x,y,Ak)> 

n 

(b<$) ■= E H--, - + + 0* " * + 

1 

(n n—l \ 

_ E^ x >f+ e < ~ K,y+2ei) + E ^x,y+ei+e i+1 J = 

(6.2.4) 



4 2) Pft>) == E - (x* + 1 + + fa - - 

i 

+ ^E(C _1) + CA)=0- (6.2.5) 



Proof: Applying the shifts iij i — > «£j — q(— l) 1 , is, i — > is, — to the 
Virasoro constraints and the matrix integral of Proposition 6.1, leads to the 
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equations 



= V fc / det(I + Mye zTvM e^ T ^ M '- s ^dM 

Ju(n) 



X,fi such that 



where 



,. d _d_ 

ds 2 



V_i = V_ 1 (t)-V 1 (- S )+n^ 1 + g+^ + g A + 

V = V (t)-V (-s)-qJ2(-iy^r.+z£- (6-2.6) 



9ti ds! 



Vi 



= -y_ 1 ( s ) + y 1 (-*)+ n (s 1 -z + +g ^ (_1) 



9tT 



The only linear combinations in the span of V_i, Vo, Vi, involving finite sums 
of Vk(t), Vfc(s), d/dtk, d/dsk, tk, Sk are as follows: 



V_i+V„ = (v„ l {t)+nt^-(v 1 {-s) + {n + z)——\ 



d 

+ Vb(t) - V (-s) +nq- z- 

d{-s 2 ) 

d 



-Vo-Vx = (y_ 1 (- s )+n(-s 1 ))-(y 1 (*) + (n + g)— ) 



9 

+ M>(-s) - Vb(t) + nz + z 



d(- Sl ) 
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and thus, using Corollary 5.3 and 5.4, compute 
= (V_! + V ) a ^( z ) s x(t)s^(s) 



X,fi such that 

<n 

( (y_ 1 (t)+nti)s v (t)s M /(-s) 

+ (V (t)sy(t))s^(-s) - Sy(t)(V (-s)s^(-s)) 

^ +ng s v (t)s^(-s) - z s v (t)^yS^(-s) 

f n+l 

- i + 1 + n)s A '+e i (t)s A1 /(-s) 



-s A /(t)^(/4 - i + n + z)s^_ ei (-s) 
i 

+(\X'\ - \fi'\+nq)s y (t)s fl/ (-s) 

n n—1 

-Z S A /(*)(X] V"2ei(-S) - 
1 

£ s x (t) S ,(-s)^\a x ,(z)), 



tx'-ei-e i+ i 



("«)) 



implying the vanishing of all the coefficients £^(0*^(2)) of Sa(O s m( — s )' lad- 
ing to the difference equation (6.2.2). The same remark as for integral 1 holds 
for this case. 
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The remaining identities are obtained in a similar fashion: 

= -(V 1 +V )r n 



' s A /(t)(VLi(-s) _ nSl )s ,(_ s ) 



^1 'Ml ^ n 



-(Vi^ + in + q)^ s A ,(t)s„(-s) 

+ (Sy(t))Vo(-s)s^(-s) - V (t)Sy(t)s^(-s) 

+nz s A /(t)s M /(-s) + z Sx>(t)o^s^ 

rt+l 

$^ s A'W(/4 - i + 1 + n)s^ +ei (-s) 



rS„/ -S 



E 



— - % + n + g)sv_e.(*)s M /(-s) 
i 

+ - |A'| +nz)s v (t)s^(-s) 

n 

+Z S A /(t)^V-ei(-s)) 



= ^ s A (t)s M (- S )4 2) (a v (,)) 



implying £+^(0^(2)) = 0, and thus (6.2.3). Identities (6.2.4) and (6.2.5) 
follow by the precise same method as for integral 1. ■ 



6.3 Integral 3 

(i) For the fixed partitions A and ji, with at most n rows, the integral 

„ oo 

a XlM (z) := / s x (M)s^M) det(J + zMf det(J + zM) q dM = V 

ic/(n) 

(6.3.1) 
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satisfies the difference equation, with := £^(A, //, 2), 

£ (3) ( a A M ) = ^(a A _ ei)/i (A i -i + n) + a A+eiijU (Aj-i + n + p + l)) 
1 

n 

- E ( a A, M - ei (/ii - i + n) + a AiM+ei (/ii -i + n + q + 1)) 
1 

+(z + z -1 )(|A| - \ti\)a Xfl = 0. (6.3.2) 
(ii) The coefficients bj£y satisfy, with := L^(x, y, A k ), 

( (x t bi k ! etty + ( Xl + P + i)bi% tty ) \ 



L {3) m = e 



n 



(6.3.3) 



Proof: Applying the shifts iti 1 — > iti — p(-z) 1 , isi 1 — > isi + q(—z) 1 to the 
Virasoro constraints and the matrix integral of Proposition 6.1, leads to the 
equations 

= Y k [ det(J + zMf det(J + zM) q e^ ^^-s^) dM 

JU{n) 

= V fc E ax^(z)s x (t)s^-s), 



where 



X,fi such that 



_! = K_i(t)-Vi(-*) + n ti- 



6> 



'0 = 



v (t) v (-8) - P j2(-zy^- - ?E(-^#- 

»>1 OTl i>l asi 



<9 



(6.3.4) 



-y_i(-s) + y 1 (t)+n(s 1 + — 



-«E(-*) m ^7-fE(-^- J " 



i>2 
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Here the only linear combination in the span of V_i, Vo, Vi, involving finite 
sums of Vk(t), Vfc(s), d/dtk, d/dsk, is the following expression: 

V.i + Os + z-^Vo + Vi 

V- 1 (t)+V 1 (t)+n(t 1 + ° 



dt 1 



V- 1 {-s) + V 1 {-s)+n[(-s 1 ) + 



d 



d 



d(- Sl ) 



+ ( z + z -i)(V (t)-Vo(-s))+lp—-q 



d 



and so 



0= (V_i + (a: + aT 1 ) 



a *n' * 



V-i(t) + Vi{t) + {z + z-i)V {t) . 



" BA ' (t)| +n(- Sl ) + (n + g )^ Ty 



f / n+l \ 

1 

n 

+J2( X 'i -« + n + p)s V - ej (i) 



V + (z + z- i )|A'| SA ,(t') y 



/ ™ +1 \ 

-i + n + l)s^ +ei (-s) 



-sv(t) 



+^G"i - * + n + g)s^/_ e4 (-s) 



s x (t)s,(- S )C^(a x ,) 



J J 



implying (6.3.2) and similarly (6.3.3). 
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6.4 The action of Virasoro on two-dimensional Fourier 
series 

In this section we prove identity (1.0.6) of the introduction: 

Corollary 6.2 The action of the Virasoro operator V \ k on "Fourier series" , 
with arbitrary coefficients, depending on an integer parameter k, translates 
itself into a linear action of L^ k on the coefficients: 

Va, £ b^s x (t)s,(-s) = £A,©SA(fK(-s) (6-4.1) 

A, fi, such that A, fx, such that 

where 



Va*(M) 




Vo, V±i !ti 

is, 


t — *it i -\-kA 
i -'is^ — kA 




r(l) r (l) 
^0 > ^± 


±(V +V±i) 


isj \ — >isj - 


-„(-!)* 




^-^(Afc + A^Vo + Vx) 


»»*i-p(-A fc )-» 


L (3) 



TTie ng/i£ column of L\ k 's are the precise equations satisfied by the three types 
of random walks considered in this paper. 



Proof: Using the commutation relation, 



zAk k\ ~ kr k ' 



one computes, on the one hand, 



OO J, 

Z 7( 



k\ 

X./j, such that X./j, such that \ 

A^~,/i^~<ri A^~,/i^~<n 
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OO 

E|r E C^K(-) 

Q A, /j, such that 



OO 



= E^A E ^M"*) 

A, /j, such that 



A^~ <n 



and, on the other hand, 

V 2 aA M (^)s A (t)s M (- s ) 



A,/i. such that 



C(ax^z))s x (t)s^-s) 

X,fi such that 

E c (^S) **(*)«,(-«) 

A,^t such that ^ ' 

A^~ <n 

OO L 

Efr E M^W*)^-*), 

A,^i such that 

A^~ <n 



using the argument in (6.1.10). 



7 The discrete backward and forward equa- 
tions for a random walk in a Weyl chamber 

Remembering the definition of the difference operators (1.0.13) (see footnote 
4), consider now the following difference operators: 




(7.0.1) 
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Theorem 7.1 The probability 

( that n walkers in Z, \ 
go from x±, . . . ,x n to 



P(k,x,y) :=P 



Jxy 



satisfies 



yi,...,y n ink steps, 
y and do not intersect J 

A t P(k,x,y) = 



(2n)' 



(7.0.2) 



Proof: Indeed 

n 

(2n) k A 1 P(k,x,y) = k^it^k ~ t^) 



+ 



i 

+ E((^ + l)(C + e l -C)+(^+ 1 
1 

\l<i<n 



Ki<n 



= -L<?(x,y)b<g = 0, 

using (6.1.6), insofar none of the final positions are adjacent. The second 
equation A2P{k, x, y) — follows immediately by the duality x <-> y. ■ 
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